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Abstract. In this paper, we use the inverse curvature flow to prove a 
sharp geometric inequality on star-shaped and two-convex hypersurfacc 
in hyperbolic space. 

1. Introduction 

The classical Alexandrov-Fenchel inequalities for closed convex hyper sur- 
face EcT state that 



a m (K)dfx > C n>TO ( / f7 m _i(«)d/i) n-m , 1 < m < n - 1 (1) 
s Jt, 

where o~ m (K) is the m-th elementary symmetric polynomial of the principal 

curvatures k = f«i,-- - , of £ and C nm = (Tm ( 1 '"' ilL is a constant. 

When m = 0, (P) is interpreted as the classical isoperimetric inequality 

> C n Vol{Q)n , (2) 

which holds on all bounded domain C R n with boundary £ = d£l. Here 
|S| is the area £ and C n is a constant depending only on dimension n. 
Inequality ([T]) was generalized to star-shaped and m-convex hypersurface 
£ C M. n by Guan and Li [8] using the inverse curvature flow recently, where 
m-convex means that the principal curvature of £ lies in the Garding's cone 

r m = {k e M n ~Vi( K ) > 0, z = 1, - - - ,m}. 

Recently, Huisken [11] showed that in the case m = 1, the assumption stor- 
shaped can be replaced by outward-minimizing. 

In this paper, we consider the hyperbolic space H n = R + x S™ _1 endowed 
with the metric 

g = <ir 2 + sinh 2 rg S n-i , 

where <?§n-i is the standard round metric on the unit sphere § n . It's 
a natural question to establish some analogue inequalities of ([T|) for closed 
hypersurface in HI™. In the case of m = 1, u\ = cti(k) is just the mean curva- 
ture H of S. Gallego and Solanes [6 J have obtained a generalization of ([1]) to 
convex hypersurface in hyperbolic space using integral geometric methods, 
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however, their result does not seem to be sharp. Denoting A(r) = sinhr, 
then A'(r) = coshr. Recently, Brendle,Hung and Wang [3] proved the fol- 
lowing inequality for star-shaped and mean convex (i.e.,// > 0) hypersurface 
£ C HP: 

J (\'H-{n-l){V\',v))dfi>(n-l)uj^\\Z\^ (3) 

where |£| is the area of £ and u%_i is the area of the unit sphere S™ -1 C 
IP. de Lima and Girao [5] also proved the following related inequality 
independently. 

f , ( l£l «- 2 l£l » \ 

/ A'Fd/i > (n - l)w n _i (^)— + (-^^ , (4) 

Both inequalities (J3|) and (J3|) are sharp in the sense of that equality holds 
if and only if £ is a geodesic sphere centered at the origin. Here, we say 
a closed hypersurface £ C HP is star-shaped if the unit outward normal v 
satisfies (v, d r ) > everywhere on £, which is also equivalent to that £ can 
be parametrized by a graph 

£ = {(r(0),0)|0 er 1 } 

for some smooth function r on S n_1 . We note that inequalities ([3]) and © 
have some applications in general relativity, see [3,4, 14J. 

In this paper, we consider the case m = 2. We prove the following sharp 
inequality for star-shaped and two-convex hypersurface £ C H n , where two- 
convex means that the principal curvature lies in the Garding's cone 1?2 
everywhere on £. 

Theorem 1. //£ C HP is a star-shaped and two-convex hypersurface, then 

> ( "-'> 2 ( " - 2) + |E|) , (5) 

where u) n -\ is the area of the unit sphere § n_1 C W 1 and |£| is the area of 
£. The equality holds if and only z/£ is a geodesic sphere. 

Note that there exists at least one elliptic point on a closed, connected 
hypersurface £ in hyperbolic space H n . Proposition 3.2 in pQ shows that 
if o"2 is positive, then o~\ is automatically positive. So our assumption two- 
convex can also be replaced by 02 > on £. 

The proof of Theorem Q] follows a similar argument as in [3HH|8]. We 
evolve £ by a special case of the inverse curvature flow in [7], and consider 
the following quantity defined by 

We show that Q(t) is monotone decreasing under the flow. Then we use 
the convergence result of the flow proved by Gerhardt to estimate a lower 
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bound of the limit of Q(t): 

t— >oo Z 

In order to estimate this lim inf , we also use a sharp version Sobolev inequal- 
ity on S n_1 due to Beckner [2] as in [3]. Finally Theorem Q] follows easily 
from the monotonicity and the lower bound of liminff^oo Q(t). 

Acknowledgment. The authors would like to thank Professor Ben An- 
drews for helpful discussions and his interest in this work. The second 
author also thank Frederico Girao for communications regarding Appendix 
Aofgj. 

2. Preliminaries 

Let E C EI n be a closed hypersurface with unit outward normal v. The 
second fundamental form h of E is defined by 

h(X,Y) = (V x u,Y) 

for any two tangent fields X, Y. The principal curvature k = (kj, • • • , K n -i) 
are the eigenvalues of h with respect to the induced metric g on E. For 
1 < m < n — 1, the m-th elementary symmetric polynomial of k is defined 
as 

which can also be viewed as function of the second fundamental form h\ = 
g^hki- In the sequel, we will simply write a m for o~ m (K). We first collect 
the following basic facts on a m (see, e.g, [9|[T2"1[13] ) : 

Lemma 2. Denote (T TO _i)| = and (h 2 ){ = g jl g pk h M h ip . We have 

J dh i 

J2(T m -i))h{ = ma m , (6) 

i,j 

^(Tm-ipi = {n-m)a m - 1 (7) 

id 

^(T m _!);.(/i 2 )| = o x o m - (ro + l)(J m +i (8) 

Moreover, if k £ , u>e /iaue £/ze following Newton- MacLaurin inequalities 

O'm-lO'm+l < m(7i - m - 1) 
cr^j ~~ (m + l)(n — m) 
<?\Om-\ > m(ra- 1) 
cx m ~~ n — m ' 

and £/ie equalities hold in (f9j) . ()10p at a given point if and only i/E is umbilical 
there. 
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We now evolve £ C HP by the following evolution equation 

d t X = Fv, (11) 

where v is the unit outward normal to £< = X(t,-) and F is the speed 
function which may depend on the position vector, principal curvatures and 
time. Let gij be the induced metric and d^t be its area element on E^. We 
have the following evolution equations. 

Proposition 3. Under the flow (jlip , we have: 

d t gij = 2Fhij 
d t v = -VF, 

d t h{ = -V J V,F - F{h 2 )l + FS{, 

d t dn = Feridfi, (12) 
dtom = -V'dT^IVjF) - F{a l( j m - (m + l)<r m+ i) 

+ (n-m)Fa m -i, (13) 

Proof. The first four equations follow from direct computations like in |10j . 
Now we calculate the evolution of o~ m (cf. |8j) 

dto-m =—^dM 
dh{ 1 



% 



= - (T^f^ViF - F(T m ^)){h 2 )l + F(T m ^pi 
= - V j ((T m ^ViF) - F(axa m - (m + l)a m+1 ) 
+ (n - m)F(T m _i, 

where in the last equality we used 0,® and the divergence free property 
of (T TO _i)} (see P]). □ 

Proposition 4. Under the flow (jlip , we have 

^ j o- m dfi =(m + 1) J Fa m+ idfi + (n - m) J Fa m -\d^. 

Proof. This proposition follows directly from (|12j) . (|13|) and the divergence 
theorem. □ 

In [7] Gerhardt studied general inverse curvature flow of star-shaped hy- 
persurface in hyperbolic space. For our purpose, we will use a special case 
of their result for the following flow 

0,X = 5^4^. (14) 
2(n - 1) cr 2 

Theorem 5 (Gerhardt [?])• If the initial hyper surf ace is star-shaped and 
strictly two-convex, then the solution for the flow (I14p exists for all time 
t > and the flow hypersurfaces converge to infinity while maintaining 
star-shapedness and strictly two-convex. Moreover, the hypersurfaces become 
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strictly convex exponentially fast and more and more totally umbilical in the 
sense of 

\h{ - 6{\ < Ce'^i , t>0, 

i.e., the principal curvatures are uniformly bounded and converge exponen- 
tially fast to one. 

3. MONOTONICITY 

We define the quantity 

where |Sf| is the area of Sj. In this section, we show that Q(t) is monotone 
decreasing along the flow ([14 



Proposition 6. Under the flow (|14p . the quantity Q(t) is monotone de- 
creasing. Moreover, 4+Q(t) = at some time t if and only if the surface 
is totally umbilical. 

Proof. Under the flow (114p . Proposition |4] and (112p imply that 

d f , 3(n - 2) f <7i<73 , (n - 2) 2 f a\ , 
dt J s 2(n - 1) J s cr 2 2(n - 1) J s cr 2 

d , , (n - 2) /• ct? , 

— S f =4 V / -idu. 16) 

dV *' 2(n-l)7 s a 2 1 ; 

Combining (fT5|) . (jX6j) and Q, we have 

f t (J^- { n- mt] )<^f^. (17) 
By applying the Newton-MacLaurin inequality (|1Q|) in (|16p . we also have 



><l > (18) 
Then combining (|17p and (|18p gives that 

dff ( re _i)( n _2) \ n-3 ( f (n-l)(n-2) ,^ 

(19) 

From Proposition [8] in the next section and (|19p . we know that the quan- 
tity 

(n-l)(n-2) ,^ 

^2"^ ~ | S t | 

> Z 

is nonnegative along the flow (|14() . Then inequalities (118p and (119p implies 
that 

< o. 
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If the equality holds, the inequalities Q and (fTOj) assume equalities every- 
where on "Sf. Then is totally umbilical. □ 

4. The asymptotic behavior of monotone quantity 

In this section, we use the convergence result of the flow (|14p proved in [7] 
to estimate the lower bound of the limit of Q(t). First we need the following 
sharp Sobolev inequality on ( [2]). 

Lemma 7. For every positive function f on S n_1 , we have 

[ r^dvol^ + ^ I f n - 5 Nf\ 2 dvol Sn - 1 

J§n-1 n- 1 J§n-1 



n — 3 



Moreover, equality holds if and only if f is a constant. 

Proof. From Theorem 4 in [2], for any positive smooth function w on S n_1 , 
we have the following inequalty 

4 f . l2 f 2 

\Vw\ dvolgn-i + w dvolg n 



(n-l)(n-3) 



2 _ I 2(n-l) n-3 

>Uj£_\( W "- 3 (ifO/gn-l)"- 1 . 

Moreover equality holds if and only if w is constant. For any positive func- 
tion / on S" _1 , by letting w = f~z~, we have 

/ r^dvoi^ + ^ I r^\vf\ 2 dvoi^ 

J§n-1 U — 1 J§n-1 

>Cot\([ r-'dvolsn-l)^ 

and equality holds if and only if / is a constant. □ 
Proposition 8. Under the flow (fT4"|) . we /iai>e 

HminfQ(t) > {U ~ = 2) (20) 

Proof. Recall that star-shaped hypersurfaces can be written as graphs of 
function r = r(t,9),9 6 S n_1 . Denote A(r) = sinh(r), then A'(r) = cosh(r). 
We next define a function <p on S n_1 by y?(#) = &(r(9)), where <I>(r) is a 
positive function satisfying <E>' = 1/A. Let 9 = {9 J },j = 1, • • • , n — 1 be a 
coordinate system on S n_1 and (fi, <fij be the covariant derivatives of <p with 
respect to the metric g§n-i. Define 



1+|V¥>|L-1. 



< \ / i -r | v r 

From [7J, we know that 

72 



A = 0(e~), |V<^|§n-i + |V>|§n-i = 0(e ~) (21) 



A GEOMETRIC INEQUALITY ON HYPERSURFACE IN HYPERBOLIC SPACE 

Since A' = yl + A 2 , we have 
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A' = \(l + ^\- 2 + 0(e-^)) (22) 



From (|2ip we also have 

I = l-i|V^||„_ 1 +0(e-^i) (23) 

In terms of if, we can express the metric and second fundamental form of £ 
as following (see, e.g, [2l[5]) 

gij =\ 2 (aij + tpupj) 

"ij — \ 9ij Tij i 
vX v 

where aij = g§n-i(d0i,dgj). Denote Oj = Y2k aik( Pki and note that Y2i a i = 
Agn-192. By (|2ip . the principal curvatures of St has the following form 

A' ai „, -J^, 

Ki = — r + 0{e i = !,■■■ ,n- 1. 

vX vX 

Then we have 



0-2 = ^2 KiK i 

i<j 

(n - l)(n — 2) A' 2 YAgn-iy _« 

2 uA f z A^ 



By using ([22} and (1231). 



( n _l)( n _ 2 ) 2 
cj 2 = ^ ( 1 + A ~l V V 9 l§™-0 

- (n - 2)X~ 1 A §n -np + 0(e _ ^r). 



On the other hand, 
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So we have 

(n- l)(n-2) 



2 



f r, (n-5)t 

(n-2) / A n ~ 2 A S n-ic^oZ§n-i + <3(e^n 
is™- 1 

(n — l)(n — 2) /, n -3 \n-l|v7 |2 \r ; 



2 



n-1 



+ (n - 2) 2 / A n_3 VAVy>duoZ s ™-i + 0(e^^). 

Since VA = AA'V<^, by using (j22j) . we deduce that 

(n-l)(n-2) 
°W - 1 S t | 

E t 2 

= (re - 1) i n - 2) / (A n ~ 3 + ^X^VX^dvol^ + 0(e^). 
2 Js"- 1 n - 1 

(24) 

Moreover, 

n-3 f -, n-3 (n-5)t 

|E t |s=T=(/ A n-1 duoZ s »-i)^ + 0(e~s r i~). (25) 



Using Lemma El we can complete the proof of Proposition [8] by combining 
4MD and (ESI). □ 

We now complete the proof of Theorem Q] 

Proof of Theorem^ Since Q(t) is monotone decreasing, we have 

Q(0) > liminf Q(t) > (n - 1)(n ~ 2) 

t—>oc> Z 

This gives that the initial hypersurface £ satisfies 

(n - l)(n - 2) A (n-l)(n-2) ^ M ^f 
^ci2d/i |E| I > w^lEI"-!, 

which is equivalent to the inequality ([5]) in Theorem [TJ Now we assume 
that equality holds in ([5]), which implies that Q(t) is a constant. Then 
Proposition [6] implies Ej is umbilical and therefore a geodesic sphere. It is 
also easy to see that if E is a geodesic sphere of radius r, then the area of E 
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is |E| = o; n _i sinh n_1 r and the integral of 02 is 



Hence the equality holds in © on a geodesic sphere. This completes the 
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